ABSTRACT In this paper, the asymmetric wavelength-selective directional coupler (DC) is designed as a fractional-order optical differentiator. It is shown that the order of the optical differentiator is determined by the coupling coefficient and the propagation constant difference between the two waveguides in the coupler. The relation between the order of differentiator and the structure parameters of DC is analyzed. Optical differentiators with fractional orders of 0.47, 0.78, and 1.1 based on the asymmetric wavelength-selective DC are designed and analyzed, of which the processing errors are 10.04%, 6.11%, and 22.24%, and the energetic efficiencies are 20.61%, 19.62%, and 20.39%, respectively. The proposed design provides a competitive way for the fractional-order optical differentiator.
I. INTRODUCTION
With the rapid development of optical communication, the bit rate of single channel continues to increase. However, in the nodes of optical networks, the transmission signal is processed in the electronic domain, facing many difficulties such as optical-electrical-optical (OEO) bottleneck, large power consumption. All-optical processing, which has advantages of ultra-fast operation speed, small power consumption, has attracted considerable attentions in the past decades [1] - [4] .
As a fundamental device of all-optical signal processing circuits, optical temporal differentiator is a device that provides the time derivative of an input optical waveform in optical domain [5] . It can find a wide range of applications such as pulse shaping and coding [6] , optical processing and computing [6] - [8] , and ultrafast signal generation [6] . The optical temporal differentiators can be classified as integerorder differentiators (IODs) and fractional-order differentiators (FODs). The IODs are proposed firstly and there have been many schemes to implement IODs, such as wavelengthselective DC [5] , optical resonator [9] , [10] , interferometer [11] , semiconductor optical amplifier [12] , phase-shifted fiber Bragg grating (FBG) [13] - [15] , long-period fiber
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grating [16] , [17] , phase-modulated fiber Bragg grating (PM-FBG) [18] . The FODs can be regard as a generalization of IODs, which can accomplish what IODs cannot. They have enormous applications because of their distinctive features. One of their features is non-local nature which means that the fractional-order differentiation at a point is not determined by its arbitrarily small neighborhood. For example, Sabatier et al used fractional-order calculus operators to model complex systems with non-local dynamics that have been memorized for a long time [19] . Other distinct features of a fractional differentiator are the ability to distinguish between positive-going and negative-going slopes and the possibility to generate intensity changes from phase variations, which have been used in the space domain, and could be converted to the time domain for signal processing [1] , [7] . Currently, the FODs have been implemented with methods such as tilted FBGs [20] , [21] , electrically tuned siliconon-isolator Mach-Zehnder interferometer and microring resonator [22] , [23] , asymmetrical phase-shifted FBGs [24] .
In this paper, we proposed an FOD by using the asymmetric DC. Normally, the DC can be made by using the optical fiber or planar waveguide. Compared with DCs based on the planar waveguide, DCs based on the optical fiber have some inherent advantages, such as simplicity, low insertion, and full compatibility with fiber-optic systems. However, they also have shortcomings, such as low level of integration and vulnerability to environmental interference. This paper focuses exclusively on FODs implemented by fiber-based DCs [25] .
There are many kinds of methods to make fiber DCs. The fusion-tapering is the most popular method of making fiber couplers. A twin-core fiber, designed to have two cores close to each other throughout its length, can also act as a DC. The model of a twin-core fiber is usually used for theoretical analysis as Fig. 1 shows, where n core1 and n core2 represent the refractive indices of the two waveguides, n clad represents the refractive index of the cladding.
We will show that when the coupling coefficient and the propagation constant difference of the two waveguides are designed properly, the asymmetric wavelength-selective DCs can work as FODs, which provide a new approach to achieve FODs and have advantages of simple structure and large bandwidth.
The paper is organized as follows. In Section II, the principle of the FODs based on the asymmetric wavelengthselective DCs is presented. In Section III, FODs with different orders based on the asymmetric wavelength-selective DCs are designed. Simulations are carried out to verify the performance of the differentiators, and the results are discussed. A conclusion is drawn in Section IV.
II. PRINCIPLE
An ideal n-th order temporal differentiator is an operator that performs the n-th order time derivate of the envelope of an optical signal, whose transfer function can be described as [22] , [23] , [26] 
where ω and ω 0 are the optical frequency and the carrier frequency, n is the differentiation order, i is the imaginary unit. From the Eq. (1), it can be known that an ideal n-th order temporal differentiator can be achieved by using an optical filter that has a magnitude response of |ω − ω 0 | n and a phase shift of nπ at ω 0 .
For an asymmetric directional coupler, spectral transfer functions are [5] 
where 12 and κ 21 are the coupling coefficient (coupling strength per unit length), β 1 and β 2 are the propagation constants of the waveguide 1 and 2 of the coupler, L is the length of the coupler. The coupling coefficient between the two waveguides can be calculated [27] 
Here, E p/q , H p/q are the electric field and magnetic field distribution of the fundamental mode of waveguide p, q respectively. The actual value of (N 2 − N 2 q ) in waveguide p equals (n 2 corep − n 2 clad ) and zero in the rest of regions. According to the calculation results, the coupling coefficient depends on the parameters of the two waveguides, i.e., the refractive indices, the radii and the core-to-core distance of two waveguides.
In previous studies, the symmetric and asymmetric DCs were designed as IODs (1st-order or 2nd-order). For the symmetric DC, it can be designed as IOD when considering that the coupling coefficient of the DC depends on the frequency while the propagation constant difference of the two waveguides doesn't vary along with frequency and keeps at zero [28] , [29] . For the asymmetric DC, it can be used as IOD when considering that the propagation constant difference of the two waveguides depends on the frequency while the coupling coefficient of the coupler is a constant [5] , [30] , [31] . However, for a practical asymmetric DC, both the propagation constant difference δ a and coupling coefficient κ changed with the frequency, as seen in Fig. 2 . Considering the frequency dependency of both the coupling coefficient and the propagation constant difference, the magnitude response and the phase response of an asymmetric DC derived from (2) can be expressed as
When κ e L = 2mπ + π /2, with m = 0, 1, 2, 3, . . ., the Eq. (5) reaches its minimum at the central frequency. In this case, the magnitude response of the system function is concave in the neighborhood range of the central frequency, which is similar to the shape of the ideal differentiator. Based on the above analysis that both the δ a and κ depend on frequency, we assume three sets of parameters that δ a = −0.2κ, δ a = 0.1κ, δ a = −0.35κ with n core1 = 1.449, n core2 = 1.449, n clad = 1.444. Then, the magnitude and phase responses obtained from (5) and (6) are shown in Fig. 3(a, d, g ) and Fig. 3(b, e, h ). By comparison with the ideal amplitude responses and ideal phase responses, we can find that these responses just satisfy the responses of the ideal FODs with N = 0.67, 1.2, 0.56, where N means the order of FOD. When a Gaussian pulse with a temporal full width at half-maximum (FWHM) of 0.33 ps is input into a 1 , the output pulses from a 1 are shown in Fig. 3(c, f, l) . The output waveform from the asymmetric wavelength-selective DC is nearly consistent with that from the ideal FOD. Hence, the FOD can be achieved by using asymmetric wavelengthselective DC if we can find a specific structure i.e., proper parameters of the DC.
III. DESIGN AND DISCUSSION
In order to achieve the proposed FOD, the parameters of the asymmetric wavelength-selective DC should be designed properly. There are six parameters a 1 , a 2 , d, n core1 , n core2 , n clad . For simplifying the problem, we only control a 1 , a 2 to change the coupling coefficient and the propagation constant difference with d = 9 µm, n core1 = 1.449, n core2 = 1.449, n clad = 1.444.
Firstly, a Gaussian pulse is input into waveguide 1 as the input pulse and an output waveform can be obtained from waveguide 1. Different processing errors are calculated by comparing the output waveform that comes from the DC and different ideal output waveforms that come from different ideal FODs. If the minimum of processing error can meet the limitation, it's supposed that the asymmetric DC can be used for FOD. The order of the FOD is the same as the order of the ideal FOD when the processing error is smallest. Otherwise, it's supposed that the asymmetric DC can't be used for FOD.
Through the analysis of a large number of asymmetric DCs with specific structures, a part of asymmetric DCs are appropriate for making the FODs. For example, we set a 1 = 3.6 µm, a 2 = 3.7 µm and the magnitude and phase responses are shown in Fig. 4(a, b) . Then we compare the output waveforms with ideal waveforms that obtained from different n-th order ideal FODs, and the order of the proposed FOD can be defined as 0.47. The output waveform is shown in Fig. 4(c) and it can be seen that the waveform agrees well with the ideal waveform. Similarly, the FODs with orders of 0.78 and 1.1 can be achieved as Fig. 5 and Fig. 6 show. We find that when the propagation constant of the waveguide 1 is larger than that of waveguide 2, the order of the proposed FOD is larger than 1, otherwise, the order is less than 1.
In all cases, power transfer to the second core occurs in a periodic fashion. The maximum power is transferred at distances such that κ e z = mπ/2, where m is an integer. The shortest distance at which maximum power is transferred to the second core for the first time is called the coupling length and is given by L c = π/(2κ e ). The coupling lengths VOLUME 7, 2019 of three kinds of couplers with specific structures that can be designed for FODs with orders of 0.47, 0.78, 1.1 are 0.871 mm, 0.897 mm, 0.927 mm at the center frequency respectively. The lengths of the couplers must be an integer multiple of the coupling lengths of the couplers. The lengths of the couplers with three specific structures are 88 mm, 90.8mm, 93.6 mm respectively. The device functionality is dependent on the length of the coupler. Therefore, the length of the coupler must be strictly controlled.
Through the above analysis, it is feasible to achieve FOD by finding a specific DC structure. Further, the relation between the order of the FOD and the structure parameters of the DC is analyzed. The variation of the order of the FOD with n core2 is shown in Fig. 7(a) when the other parameters are n core1 = 1.4491, n clad = 1.444, a 1 = 3.9 µm, a 2 = 3.9 µm, d = 9 µm. The order of FOD decreases as n core2 increases. The variation of the order of the FOD with a 2 is shown in Fig. 7(b) when the other parameters are n core1 = 1.449, n core2 = 1.449, n clad = 1.444, a 1 = 3.6 µm, d = 9 µm.
The order of the FOD decreases as a 2 increases. The variation of the order of FOD with d is shown in Fig. 7(c) when the other parameters are n core1 = 1.4491, n core2 = 1.4492, n clad = 1.444, a 1 = 3.9 µm, a 2 = 3.9 µm. The order of FOD increases firstly as d increases, then the order of the FOD decreases as d increases. Hence, the order of FOD can be controlled by changing the parameters of DC, which means that arbitrary order FOD could be realized through different DCs.
The processing error (D) and energetic efficiency (E) are two important parameters that characterize the performance of the differentiator, whose definitions are as follows [16] , [31] , [32] The processing error of the proposed FOD firstly decreases when the FWHM of the input pulse increases as Fig. 8 shows. This is because the input pulse with smaller FWHM has a larger bandwidth, which may be larger than the deviceoperation bandwidth of the FOD. Then the processing error increases as Fig. 8 shows, because the magnitude of the FOD has deviated from the magnitude of the ideal FOD at the central wavelength. The proposed FOD has an operation bandwidth of a few terahertz and a high energetic efficiency.
FIGURE 8.
The processing error (D) and energetic efficiency (E) of the FOD achieved by using asymmetric DC with a 1 = 3.6 µm, a 2 = 3.7 µm, d = 9 µm, n core1 = 1.449, n core2 = 1.449, n clad = 1.444 with different FWHM of the input pulse.
IV. CONCLUSION
In summary, the fractional-order differentiator based on the asymmetric wavelength-selective DC is proposed and demonstrated. The order of the optical differentiator is determined by the structural parameters of the asymmetric wavelength-selective DC, i.e., the coupling coefficient and the propagation constant difference of the two waveguides of the coupler. The relation between the order of the FOD and the structure parameters of the DC is analyzed and discussed. When the pulse is launched into the waveguide with a smaller propagation constant, the order of the FOD is smaller than 1. When the pulse is launched into the waveguide with a bigger propagation constant, the order of the FOD is larger than 1. Three sets of asymmetric wavelength-selective DCs are designed to implement the FODs with orders of 0.47, 0.78, and 1.1, whose processing errors are 10.04%, 6.11%, 22.24% and energetic efficiencies are 20.61%, 19.62%, 20.39% respectively. The proposed FOD has a large operation bandwidth and simple structure, which provides a feasible and competitive way for the design and implement of FODs.
